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1 Introduction 



The Cauchy problem of the Schrodinger-Korteweg-de Vries equations 



idtu + d^u = auv + x, t G M, 



' dtv + dlv + ]^d^v'^ = ^d:^{\u\'^), 



(1.1) 



0) = uq{x) e H'(R),v{x, 0) = vo(x) e 



(R) 



where 7 G M. The system governs the interactions between the short-wave and 

the long-wave, which appears in several fields of physics and fiuid dynamics. The case 

/? = describes the resonant interactions, while the case /3 7^ describes the non-resonant 

interactions. See [I3], [17], [18], [23] for the applications. 

The Cauchy problem for the system (11.11) was considered by several authors. The local 

well-posedness was studied in [3], [1], [12], etc., where the last paper [12] obtained the 

3 

local well-posedness for (uo,fo) G H'^iM.) x H\M.) when s > 0, / > — -, and 

• s-l</<2s- 1/2, if s < 1/2; 

• s - 1 < / < s + 1/2, if s > 1/2, 

by the Bourgain argument (see [1], [19] for instances). Moreover, when 07 > 0, Tsutsumi 
|24] proved by some conservation laws that for (uq,Vq) G H^^^(W) x i7*(]R) with s G 
(II. ip was global well-posedness; Guo and Miao [15] showed that the system in the resonant 
case was globally well-posed for (uq, Vq) G H^(R) x H^{M.) with s G Z+; In [22], the author 
improved the results and obtained the global well-posedness for [uq, vq) G if '^(M) x H^{M.) 
when s < 1 and 

• s > 3/5 in the case of /3 = 0; 

• s > 2/3 in the case of /3 7^ 0, 

by using the /—method of Colliander, Keel, Staffilani, Takaoka and Tao (see [9], [10] for 
examples) . 
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In [12] , the authors have obtained the local well-posedness for the initial data belongs 
to L2(R) X H-^+{R), but it seems not the natural one as the best result (except the 
endpoint) and also exists some room if the system (11. ip has no power type nonlinearity 
(that is, /3 = 0). As what studied in the first part of this paper, we establish the local well- 
posedness results at a relatively wide region of the indices {s,l), compared to the results 
in [12]. Especially, we obtain the local well-posedness for (uo,fo) G H^T6^(M.) x H^i^(R.) 
in the case of /5 = 0. The second aim here is to establish some ill-posedness results, by 
the breakage of continuity in Picard iterative scheme (see [7], [21], [5], etc.), which show 

that some thresholds are sharp except the boundary in the well-posedness region. By 
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these results, we will see that the index ( h, h) is almost the best in the resonant 

case. Further, the third aim in this article is to obtain the global well-posedness by the 
/-method. As we know, the thresholds of the global well-posedness in the Sobolev spaces, 
studied by the /-method, are decided by two ingredients: the almost conserved quantities 
and the lifetime in the local theory, particularly if the solutions of the equations lack of the 
scale invariance. Our motivation here is to lengthen the lifetime of the local existence. 
Our argument is establishing some special type multilinear estimates, as an available 
technique we obtain a uniformly control of the Bourgain Xo,f,— norm of u by the L^-mass 
conservation. But unfortunately, these special type estimates break the framework of 
the fixed point theorem, we finally use the iterate technical to overcome this problem. 
However, we believe that our global results may not be the best and might be improved 
especially by some more sophisticated estimates on the almost conserved quantities. 
Some basic notations. We use A < B or B > A to denote the statement that A < CB 
for some large constant C which may vary from line to line. We use A <^ B to denote the 
statement A < C^^B, and use A ~ /? to mean A < B < A. The notation a+ denotes 
a + e for any small e, and a— for a — e. (■) = (1 + | • p)^ and = (—9^)5. We use 11/11^^^9 
to denote the mixed norm ^ J \\f{x, ■)\\% dxj . Moreover, we denote u to be the spatial 
or spacetime Fourier transform of u, and use / or (such as ect.) to 

denote the inverse Fourier transform of / (on the corresponding variables). 
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Now we introduce some definitions before presenting our main results. We use t/</,(i) = 
exp(— to denote tlie unitary group generated by the linear equation 

iut - (f){-id^)u = 0, 

and define the Bourgain spaces Xs^h{4>) to be the closure of the Schwartz class under the 
norms 

for s, 6 e R. We write Xfj^, Yg^b to be Xs,b{(t>) when = ±^^, — which is corresponding 
to the Schrodinger and KdV respectively, and we write Xg^ = in default. For an 
interval fl, we define to be the restriction of Xs,b{4>) onM. x fl with the norms 

= inf{||^IU,,,(0) : ^Iten = f\t&n}- 

When Q = [-6, S], we write as Xj,(0) {X^b as Xj„ Y^^, as Y^,). 

Let s < and ^ 1 be fixed, the Fourier multiplier operator /jv,s is defined as 

W^(0 = ^iv,.(0«(0, (1-2) 

where the multiplier mN,s{C) is a smooth, monotone function satisfying < mjv,s(0 — 1 
and 

r 1, lei < N, 

mN,s{0 = \ (1-3) 

Sometimes we denote /jv,s and mjv,s as / and m respectively for short if there is no 
confusion. It is obvious that the operator I^^g maps into if^(R) with equivalent 

norm such that 

\\f\\H^<\\lN,sf\\H^<N'-^\f\\H^. (1.4) 

Moreover, /jv,s can be extended to a map (still denoted by I^^g) from Xg^ to Xi^b which 
satisfies 

ll/IU,, < II WIU,, < A^^-1I/IU., 

for any s < 1, 6 G M. 

Our main results in this paper are given as follows. 
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Theorem 1.1 The Cauchy problem of the system (QHP is locally well-posed on some 
time interval [—S,6] for the initial data {uq,Vq) G H'^(R) x H\'R) when 

• / > -3/4,/ < 4s,s - 2 < / < s + 1, if /3 = 0; 

• / > -3/4, s > 0, / < 4s, s - 2 < / < s + 1, if /3 ^ 0. 
The solutions satisfy 

{u,v) G C?{[-S,S];H'{R) X H^R)). 

Remark. The best resuh obtained in Theorem 1.1 is local well-posedness in L^(M) x 
/f-4 + (M) in the non-resonant case (/3 7^ 0), which has been contained in [12]. How- 
ever, in the resonant case (/3 = 0), the best result we obtained is local well-posedness in 

3 3 

H^To + (R) X /J^4 + (M), which improves the one in [12]. As we see, it follows from the 
assumptions of / > —3/4 and / < 4s. The next result tells that it is almost the best in 
the following sense except the endpoint case. 

Theorem 1.2 Let I > 4s, and let 6 and the solution map {uq, vq) ^ {u, v) is defined in 
Theorem 1.1 from H'°{R) x i7'o(M) to C^{[0,6]; H'°{R) x i7'o(M)) for some well-posed 
index (so,/o)- Then the map is not -differentiable at zero from H'{R) x H\R) to 
Cf{[0,6]]H%R) X if'(M)). 

If we take the initial data (0, f 0) with vq G if'(M) in the system ( II. ip . then by the 

uniqueness, u = and the system (11.11) can be deduced to the single KdV equation which 

3 

is well known to ill-posedness when I < — (see [0], [20])- Thus we say that the system 

3 

(II. ip is ill-posedness in ff'*(M) x ff'(R) for s G M and ^ < To sum up, we draw the 
following figure for the corresponding regions. 
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Figure 1: Well-posedness and ill-posedness for the NLS-KDV system 

Theorem 1.3 Let 07 > 0, then the Cauchy problem of the system ( IJ. Jj) is globally well- 
posed for the initial data {uo,vo) G H'^iM.) x H'^{R) when 1 > s > -, no matter in the 
resonant case or in the non-resonant case. 

The rest of this article is organized as follows. In Section 2, we derive some preliminary 
estimates. In Section 3, we establish some multilinear estimates and prove Theorem 1.1. 
In Section 4, we establish some multilinear estimates of special types, give a variant local 
result, and prove Theorem 1.3. In Section 5, we prove Theorem 1.2. In Section 6, as an 
appendix, we prove some auxiliary lemmas about the spaces X^^(0). 
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2 Some Preliminary Estimates 

First, we present two Stricharz estimates in the Bourgain spaces. 
Lemma 2.1 (1) For any u G X^^^, 9 > - ( j , p E [2, 6], we have 

\W\\ TP < IImII x± . (2.1) 

(2) For any v e lo,p+, P > ^ Q - ■ g G [2, 8], we have 

\HlI, < Myo,,^, (2.2) 

Proof. They are easily obtained by the interpolation between the following well-known 
inequahties 

I|w||r6 < \\u\\x 1 ; ll'i^llfS < \\v\\y 1 

II ll^a:t ~ II 11^0,^+' II ''^xt ~ II II 0,^ + 

and the equalities 

\H\lI, = \H\xo,o; \HlI, = \\v\\yo,o- 

□ 

Now, we introduce some multiplier operators and the estimates on them (similar results 
are appeared in p] and [H]). They are the important tools in the estimations. For the 
nonnegative functions /, g, h, we define 

m,9,h)= [ mfc(e,ei,6)mr)^(6,ri)M6,r2) (2.3) 
Jd 

for = 1, ■ ■ ■ , 7, where the set D = {(^i, ,^2, n, ^2) : ^ = 6 + ^2, t = ti + T2}, and the 
multipliers mk are defined as 

mi = |3e| + 261; = 13^1 + 2^1; = 
^4= lei; m5 = 13^2-261; = 13^^ + 2^1; 
^7 = 16-611^1 + 61- 
We state the relevant estimates on them. 
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Lemma 2.2 Let f,g, h are reasonable functions, then 



1 



(1) inf,9,h) < ll/IU. \\g\\x^,^ \\h\\y^,^; Iiif,9,h) < \\f\\x^,^ \\g\\r^ \\h\\y^^,^; 

lkf,9,h)<\\f\\x^^^^ \\g\\x^ ,^ \\h\\,.; 

(2) lhf,9,h)<\\fh^\\g\\x^,^\\h\\^ ; lhf,9,h)<\\f\\y^ \\gh.\\h\\^^ ; 

(3) /|(/,^,/^)<ll/IUni^ik,,iJ|/^llv.,- 

1. 

Proof. We use the argument in |8] to prove the lemma. For , we change variables by 
setting 

T = X-e, n = Ai - e?, r2 = A2 + ^2, 
then, (/, (yf, /i) is changed into 

ml /(6 + 6, Ai + A2 - + ^2) ^(^1, Ai - ei) A2 + ^2) d^id^,dX,dX2. (2.4) 
We change variables again as follows. Let 

(r/,cu) = T(ei,6), (2.5) 

where 

r/ = Ti(ei,6)=ei+6, 

o^ = T2(ei,6) = Ai + A2-ei' + e2- 
Then the Jacobian J of this transform satisfies 

\J\ = 13^2+2^11 

Define 

if(?7, u;, Ai, A2) = gho T'^{r], u, Ai, A2), 

1 1 
then, by using \J\2 to eliminate m^, (12.41) has a bound of 

f{r], u) ■ -^fa^'^i'^2) ^^^^^XidX2. (2.6) 

|J|2 



By Holder' inequality, we have 



< 


/ 








/ 









\H{r],uj, Ai, A2) 



drjuj ) dXidX2 



52 



dX-2 



where we employed the inverse transform of (12.51) in the second step and Holder' inequality 

in the third step. 

1 

For I2 , the modification of the proof is replacing the variable transform [rj, u) by 

r7 = Ti(e,6)=e-6, 

o^ = T2(e,6) = A-A2-e'-e2- 
Then the Jacobian J in this situation satisfies 

1^1 = 13^2+2^1- 

Therefore, we have the claim by the same argument as above but separating g from the 
integration in this time. 

For , we take (77, u) in this time that 

r/ = Ti(e,ei) = e-6, 

Then the Jacobian J in this situation satisfies 



1^1=2161- 

So the claim follows again, 
ill 

For J4 , , Jg , we change variables first by setting 

r = A + e', ri = Ai - e?, r2 = A2 + ^2', 
then for , we change variables again as 

r/ = Ti(ei,6) = ei + e2, 

w = T2(^i,6) =Al + A2-el+e2• 



(2.7) 



Then the Jacobian J satisfies 

l^l=2|e|. 

For , we change variables as 

a; = T2(C,6) = A-A2 + e'-^2- 
Then the Jacobian J satisfies 



\J\^\Se-2^: 
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For Iq , we change variables as 

r/ = Ti(e,ei) = e-6, 

Then the Jacobian J satisfies 

\j\ = \3e+2i,\. 

Therefore, we have the conclusions in the second term. 

1 

For I'j , we change variables first by setting 

r^X + e, Ti=Ai+e?, T2 = A2 + e2', (2.8) 
then we change variables again as 

?7 = Ti(6,6) = 6 + 6, 

= ^2(6, 6) = Ai + A2 + ei + el- 
Then the Jacobian J satisfies 

\J\-ml-e2\. 

Thus the claim follows by the same argument. □ 
When s = 0, by Lemma 2.1 we have 

i'2il9,h) < 11/11,3/3 11,11,.^ \\h\\,s^ < ii/iu^ 3, II^IIl^, ll/^lk,.,; 



I'df,9,h) < ||/||L3j|^||L^J|/i||Le, <ll/l|y„.JI^IlL^J|/^llx-, ; 

I'eilgM < II/IIl3, bht, Whhl, < WfWv,.^ Ibllx,,., \\hhi,- 
Interpolation between them and the results in Lemma 2.2, we have the following lemma. 
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Lemma 2.3 For any s G 



the following estimates hold: 



mf,9,h) < ||/||xo,p3+ II^IU^,,i+ II^IU^; 

0,^ + 

/6(/,^,/^)< 11/11 W \\9\K.^ IMl^, 



^35 ^11 , ^25 
where P2 > — + -s, p3 > - + -s and p^, pe > - + -s- 

Further, we denote iplt) to be an even smooth characteristic function of the interval 
[—1,1], then we have the following estimates. 

Lemma 2.4 Let 5 G (0, 1), s G M, then the following estimates hold: 



< 



1 



V & G (-,1]; 



)G r . 

2 



(ii) ||^(t)f/0(t)Mo||x.,,(0) < \\uo\\h^, Wbeil, 1]; 



m 



IV 



m fu^{t-s)F{s)ds < ^(^),V6g(^,1]; 



1 



\mt/S)f\\x^,W < V < 6 < 6' < -. 



Proof. See cf. [IS], [22], [8| for the proofs. □ 

3 Multilinear Estimates and Local Well-posedness 
3.1 Bi- and Trilinear Estimates 

We begin with two well-known estimates. 

Lemma 3.1 (l^) Let s > 0, b = -+, then for any Ui,U2, % G Xs^b, 

\\UiU2U^\\lI^ < \\ui\\x,^, \\U2\\X,^, IhslU,,,. 

3 1 

Lemma 3.2 fJWp Let I > —-, c,c' = -+, then for any vi,V2 G YJ^c, 

\\d,x{viV2)\\Y^^^,,, < ll^2||y,,,- 
11 



Now we turn to prove other two bilinear estimates which improve the resuhs in [3], 
|12] . Before stating the next lemma, we note an arithmetic fact that 

(r + e) - in + - (r2 - e') = - + ^2 = 6(^2 + 6 + 2^1), 
if ,^ = ,^1 + ^2, T = Ti + r2. It implies that one of the following three cases always occur: 

(«) \r + e\ > \mi +6+2^11; (b) In + ei\ > \mi + 6 + 2^1; 

(c)|r2-e2l> 1611^2+6 + 2^1. (3.1) 



Lemma 3.3 Let I > —1, s — I < 2 when s > 0, s + 1 > —2 when s < 0, and b, b', c = — h, 
then for any u G Xg^b, v G Yi^c, 

Proof. By duality and Plancherel's identity, it suffices to show that for any / G Xo,i_b', 

where the set D = {(^i, 'i'l, ''"2) '■ = 6 + 6? t = ti + r2}. We may assume that /, g, h 
are nonnegative, otherwise we can replace them by their absolute value without lose of 
generality. This point of view will also be used at the following multilinear estimates 
without any mentioned. We divide the integral domain D into three parts by writing 



D JDi JD2 JD3 

where 

A = {(6,6,n,r2)GZ^:|e|,|6l,l6l<i}, 

D2 = {(6,6,ri,r2) eD:\^\< |6| » 1}, 

Ds = {(6,6,ri,r2) G D : 1^1 » l^il, 1^1 » !}• 
Estimate in Di. By Lemma 2.1 we have 

~ / fi^,r)gi^^,n)hi^2,r,)<\\f\\LiJ\9hiJ\hht<RHS. 
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Estimate in D2. We shall split it into two cases, 

(1) : s > 0; (2) : s < 0. 

For (1): s > 0, then 

/ < / (6)-VUr)^(6,n)M6,r2). (3.2) 
JD2 JD2 

We may assume that |^2| > 1? otherwise it can be gotten as / . Thus, 

J Di 

(O- /" |6r7(e,^)^(6,ri)M6,r2). 
We divide D2 again into two subregions: 

D21 = {(^1, 6, n, ra) G D2 : 1^ + 6 + 2^1 « 
/^22 = {(^1, 6, n, r2) G : la + 6 + 261 > 

Estimate in D2i- Note that |3^f + 2^1 ~ in D2i^ therefore, / is equivalent to 



'D21 

< lkf,9, h) < Wfh: \\9\U ll/^llv < RHS, 



where we note that / > — 1 in the second step. 

Estimate in D22- By f l3.ip . we can divide the integral domain into three parts again. 
But they are similar to each other, we just take (a): |r + > |6||^f + + 2^1 for 



example, then since / > — 1 and by Lemma 2.1, / is equivalent to 

'd22 



(r + 0^/(e,r)^(ei,ri)M6,r2) < WfWx,,, light, llhllLt,<RHS. 
D22 



Now we turn to consider the case (2): s < 0. We also further split D2 into following 
two parts and D22, 

^21 = {(6,6,^1,^2) GZ^2:|el~ 161}, 

^22 = {(6,6,ri,r2) G D2 : 16 « 161 ~ I6|}. 
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Estimate in Dgi- We can give the claim as s > 0. 

Estimate in D'^^- We note that |^i+6+2Ci| ~ mi ~ m2 ~ |^2p- By f l3.1l) . we spht 



1^22 i^^o three parts again, but similarly we only consider (c): |t2— | > |6||^2+6 + 2^ 
then by Lemma 2.3, 





[ (0161 




< 


[ 161-^- 




< 


[ 





'-3\ci 



< RHS, 

where si = -— , such that 1 — b' > - + -si and s + l > —3c — si (ensured by s + / > —2). 
Estimate in D^. We have, 

/ - / (ei)"l6r"7(6r)^(ei,ri)M6,r2). 

JD3 JD-A 

It is much similar to / . Therefore, when s > 0, then 



D'22 



I < l6r"7Ur)^(6,ri)M6,r2), 

J Do. 



'D3 

thus we have the claim by noting that s — / < 2; when s < 0, since |^i| < |^2|, we have 



[ < [ |6r7(e,r)^(ei,ri)M6,r2), 

JD:, JD:, 



'D3 JD3 

thus we have the claim again by noting / > —2. □ 
In the next proof of lemma we will use the following algebraic relation 

(r - e) - (ri + e?) - (r2 - ^2) = " O' + ^2 = + ^ " 2^), 

if ,^ = + C2,T = Ti + T2. It implies that one of the following three cases must occur: 

(«) \r - e\ > m' + e - 26I; w in + ei\ > m' + e - 2^1; 

(c)|r2-e2l>leir + e-26|. (3.3) 
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Lemma 3.4 Let s > —-, I < As, I — s < 1 when s > 0, I — 2s < 1 when s < 0, and 
b, d = -+, then for any ui, U2 € Xg^h, 

Proof. By duality and Plancherel's identity and the fact u[^,t) — u{—^, — r), it suffices 
to show that 

where the set D = {(^i, ^2, ^i, T2) '■ ^ = + i2,T = Ti + ^2}- We may assume that 
|Ci| ^ IC2I (the other is similar). We divide the integration domain D into three parts: 

^i = {(ei,e2,ri,r2)ei?:|^|,|aUe2|<l}, 

D2 = {(6,6,ri,T2) e : lei « 161 ~ 161, 161 » 1}, 
= {(6,6,Ti,T2) e D : lei ~ 161, 161 » 1}- 

Estimate in Di. By Lemma 2.1 we have 

f - [ /(6 r) ^(6, Ti) /i(6, r2) < ll/IU^, hht, Whhl, < RHS. 

JDi JDi 

Estimate in D2. We have 

/ - / l6(0l6|-'7(6T)^(6,ri)M6,r2) 

We divide D2 again into two subparts: 

D21 = {(6, 6, Ti, T2) e L's : le' + e - 261 « I6|}, 

i^22 = {(6,6,ri,r2) e D2 : 1^' + 2^1 > |6|}- 
Estimate in D21. We note that ~ |6I I^C^ — 26| ~ |6I i^i -^21, therefore, 

/ l6|-'^+'^/(6^)^(6,ri)M6,r2) 
JD21 

< [ |6r'^+'^-^^-m^^/(6r)^(6,ri)M6,r2) 
JD21 

< ll/l|yowll^ll^n|/^llx-, 

< RHS, 

15 



/ ~. 

JD21 JD21 



1 2 5 

where we use Lemma 2.3 in the fourth step and choose so = — , such that 1 — c' > - + -S2 
^ ^ ^ ^ 2 ' 9 9 

and —2s H S2 > (which is ensured by / < 4s). 

Estimate in D22. In D22, all the cases of < |^2|, ~ |6l or l^p > |^2|, and (a), 
(b) or (c) in (13.31) maybe occur. Note that + ^ — 2,^2! ~ max{|^p, \C,2\}, we see that 
the worst case is: |^2| ^ and |r — ^'^| ^ max{|ri + ^^|, \t2 — ^||}. We only consider 
the integration under this part (the others can be treated similarly but employing the 
estimates on /| or Jg in Lemma 2.3). Then |r — ^'^l > |^||^2|, and thus, 



[ ler'(0l6r'^-^'-^'^ {r-ey-'''f{^,r)g{^„n) h{^2,r2) 
JD22 

< [ {r-ey~'' f{^,r)m,n)h{^2,T2) 

JD22 

< 11/11 w hht. MLt, 

< RHS, 

where we note s > — -, / < 4s in the second step and use Lemma 2.1 in the fourth step. 
Estimate in D3. We have 

[ - [ \e^'-'{^2r'f{^,T)m,n)h{^2,r2). (3.4) 

JD-i Jd3 

We split it into two cases to analysis, 

(1) : s > 0; (2) : s < 0. 

For (1): s > 0, then 

m< [ \^\'^'-'h^, r) ^(6, n) T2). (3.5) 

In D3, we have + — 2^2! ~ I^P, m^, rriQ By (13.31) . we split the domain D-^ 

into three parts, but we only take (a) for example. Therefore, by Lemma 2.2, 

m < [ \^\'^'-'^'''-'-'^raUr-ey-''K^,r)m,n)hi^2,T2) 
JD3 

< RHS, 
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1 5 
where we note that / — s < 1 and c' = -+, thus I — s + 3c' < 0. 

For (2): s < 0, since |^2| ^ |^|, we have, 

Similar to (1), we have the claim since / — 2s < 1. □ 
3.2 Local Well-posedness 

Write the sets 

= {(s,/):s>0}; Rkdv= S^{s,l) ■.l> -^y, 
= {(s,/) : / > -l;s-/ < 2 when s > 0,s + / > -2 when s < 0}; 
= I (s, /) : s > ~] I < 4:s;l - s < 1 when s > 0, / - 2s < 1 when s < 



and let 

-R/3=0 



'■■ Rkdv n i?a n i?^ = |(s,/) : / > < 4s, s - 2 < / < s + l| ; 

R^-^o = n n i?^ n = |(s,/) : / > s > 0, / < 4s, s - 2 < / < s + l| . 

We assume that (s, /) G -R/3=o in the case of /5 = and (s, /) G in the case of /3 7^ 0. 
Define the maps 



^iiu,v) = i){t)S{t)uQ-ii){t) S{t-t')i){t'/5)[a{uv){t')+(3{\u\\){t')\dt\ 











dt'. 



where S(t), W{t) are U(f,{t) with = — respectively, then (11. ip is locally well-posed 
on [—6, 6] only if ($1, $2) has a unique fixed point. By Lemma 2.4, Lemmas 3.1-3,4, the 
fixed point theory and a standard process (see [12] cf.), we prove Theorem 1.1 with the 
estimates on the lifetime and solutions that for fj, = max{6' — 6, c' — c} > 0, 

or 

12 -M 



5 ~ min <j \\uo\\h-, \\vo\\Hh f^^j^j ! IhllxS^ ^ \\uo\\h', \Hy^\^ < ll'^^ollj/'- 
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Remark. From the proof of Lemma 3.3 and Lemma 3.4, more general conditions for the 

local well-posedness region (see Figure 1) on the top-left and bottom- right areas are 

3 5 
3c + - - 26' < / - s < - - 3c', 

for any c, c', 6' large and suitable close to -, and c' > c. However, one always has the 
restriction that 

if b < I — s < a, then a + b <3. 
This implies that the well-posedness region is contained in a belt with the distance of 3. 

4 The Proof of Theorem 1.3 

In this section, we consider the global well-posedness of the solutions obtained in Theorem 
1.1 when 0:7 > and {uq,vq) G H'^(R) x H^(R) for some s > 0. We assume that v is 
real valued from now. In this paper, we pursue to lengthen the lifetime by some special 
techniques and a useful conservation law on L^-norm of u. We do nothing on the almost 
conserved quantities but cite what obtained in [22] directly. 

4.1 Some Variant Multilinear Estimates 

Now we turn to establish some special multilinear estimates, which are useful in the next 
subsection although there is a bit cumbersome in some. 

We will use the following two inequalities frequently in the multilinear estimates below, 
which follow from Lemma 2.4 (iv) and Lemma 6.3. They are, 

\\f\\x^,i4.)<s^'^-'^-\\f\\x^, ll^(iA)/llx.,w<5^'-1/IU,,w (4.1) 

for b, V e [0, -) with b' > b. 

Lemma 4.1 Let s > 0, c = -+, 5 G (0, 1), then for any Vi, V2 G Y^^^, 

\\^{t/6)d^{viV2)\\Y,,,_, < 6^- ■ \\vi\\ys^ My^,, 
where vi,V2 are the extensions of vi\t,z[^s,s] and V2\te[-s,s] such that \\vi\\ys^ = H'^iHy^.d 
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Proof. By duality and Plancherel's identity, it suffices to show that for any / G ^0,1-0 

where the set D = {(^1, ^2, ^2) : ^ = ^1 + 6, r = n + T2}, fs = and 

Further, since s > 0, it is sufficient to show 

[ \^\f5i^,r)gi^,,n)hi^2,r2)<RHS. 

J D 

We may assume that > |,^2| by symmetry and write 



+ 

D JDi JD2 

where 

= {(6,6,ri,r2) G : 1^1 < = {(6,6,ri,r2) E D : \^\ « |6| ~ 

First, by the arithmetic fact 

(r - e) - (n - e?) - (r2 - ^2) = -3^16, 
we can spht Di into three parts: 

{a)\r-e\ > mm-, > mm-, {c)\r2-^i\ > miwa 



We just take (a) for example, since the other two are similar, then / is controlled by 

(r-a^^(e,r)^(6,ri)M6,T-2)< ||M|y„, hht, \\hht, 

by Lemma 2.1 and fl4.ip . Second, note that ^1 ■ ^2 < 0, by Lemma 2.2 and fl4.ip . we have 

This completes the proof of the lemma. □ 
By a general result in [TT], Lemma 6.1 and Lemma 4.1, we have 
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Corollary 4.2 Let I = In,s, s > 0, c = -+, S G (0, 1), then for any Vi,V2 G Yf^, 
where Vi,V2 are same with Lemma 4.1. 

Lemma 4.3 Let s >0, b,c= i+, 5 G (0, 1), then for any u G v G y^'^^,; 

wiere Ct, 5 are the extensions ofu\t^[_s,5] and f |fG[-5,5] such that \\u\\xs ^ = II^^IU^ II'^IIk^c ~ 
ll^^llv • 

Proof. Since s > 0, it suffices to prove that for any / G Xo,i_6, 

/ fsi^.r) gi^,,n) M6,r2) < 6^' ■ \\f\U,,_, \\g\\x,, \\h\\y,,, ^ RHS, (4.2) 
Jd 

where the set D = {(^i, ^2, 1"2) : ^ = 6 + 6, r = ti + rs}, = i){t/5)f, and 

^(e,r) = (O^S(e,r); /.(e, r) = r). 
But the left hand side of (14.21) is controlled by 

WhWLi, IklLf Mli, < IIMUo.o \\g\\x^,Jh\\y^ <RHS, 

by using Lemma 2.1 and (14.11) . □ 
Again, by the general result in [TT], Lemma 6.1 and Lemma 4.3, we have 

Corollary 4.4 Let I = In,s, s>0,b,c= 6 G (0, 1), then for any u G Xf^^, v G Y^^, 
where u, v are same with Lemma 4.3. 

Lemma 4.5 Let I = In,s, s > 0, b = -+, 6 G (0, 1), then for any u G X^f^, 

where it is the extension of u\te[^s^s] such that \\u\\x^^ = \\u\\xsb- 
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Proof. By Lemma 2.4 (iv), it suffices to show that 
for any u G Xg^i,- Further, it is equivalent to 



D 



for any / G L\R^), where D = {(^i, 6, ^g, Ti, Ts, xg) : ^ = + ^2 + 6, r = ^ + + rg}. 
Note that there is at least one of = 1,2,3 such that |,^| < Without loss of 

generality, we assume that j = 1, then m(,^)|^| < "^(.^i)!,^!!. Therefore, by Lemma 2.1, 
(14. 3 p is bounded by 



/ /(e,r)(^i)M6,ri)n(6,r2) ^(-6,-^3) < ll/IU^ || (1 + Z^.^^IU.^ \\u\\l, < RHS. 

J D 

This completes the proof of the lemma. □ 
Lemma 4.6 Let / = Jjv s > 0, 6, c = -+, 5 G (0, 1), then for any u G X^^^, 

where a = — — , arid -u is the extension of u\t(z[-s,6] such that \\u\\xs^ = ll'^Hx^b- 
Proof. By duality and Plancherel's identity, it suffices to show that for any / G lo,i-c5 
mOmiO fs{^, r) ^(6, Ti) I(-6, -T2) 

< WfWvo,-. (nMxiJMxi, + (N-'s'^ + s^nWiuWls) = rhs, 



where the set D = {(G, 6, n, : ^ = + ^2, t = Ti + T2}, fs = ip{t/S)f. We restrict in 
D that 1^1 1 > 1^2! (the other is similar) and divide it into the following four parts: 

A = {(ei,6,ri,r2)GD:|e|,|ei|,l6l<iV}; 

D2 = {(ei,6,ri,r2)GD:|e|<iV,|6|~|6l»iV}; 

D3 = {(ei,6,ri,r2)GD:|e2|<iV,|e|~|6l»iV}; 
= {(ei,6,n,r2)GD:|e|,|6|,|6l»Ar}. 
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Estimate in Di. Note that m(^), m(^i), m(^2) ~ 1 in Z)i, thus, 



We divide Di into two parts again: 

Dii = m,^2,n,T,)eD,:\^\<\^2\}; 

Di2 = {(6, 6, n,r2)G A 161}. 
Estimate in Dn- By (El]), ((221) and (O), we have 

(6) (6) S(6 r) /^(6, ri) /l(-6, -T2) 



< 



< \\fs\\L^^A\a+D.)mu<s^^-\\f\\Yo, 



r,ll2 



12^,,^ 4 /I 1\ 

where — I = 1 such that 1 — c>- . 

P Pi 3 V2 pj 

Estimate in D12. By (13.31) . we further spht D12 into three parts, but each part is 
similar, we only take (a) for example, then |r — ^'^l > |^|^ and |^| ~ |6|; thus we have 



{r - r)^ fsi^, r) (6)/n(ei, ri) ^(-6, -^2) 

D12 JDr2 

< '5NI/l|yo,i-JI^«IU,,J|«||xo,„ 

12^,,^ 14/11 

where — I = 1 such that 1 — c >- 

q qi 3 3 V2 g 

Estimate in D2. We will show at the following that 



D2 



Indeed, it is sufficient if we show 

m HO 



where g = lu, h = lu. The left hand side of (14.41) is equivalent to 

N'-^ ! \m)U-''M.r)g{i,,T,)h{i2,r2)< [ /5(6 r) ^(6, n) ^6, r^) 
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by the same way used in / in the last step. 
Estimate in D-t. We have 



/ - / |e|/5(e,r)(Ci)/^(6,ri)S(-6,-r2) 



'D3 JD3 

By the same manner used in / , we have 



/ < ll/l|yo,.-c II^^IU,, II^IUo, 



ID3 

Estimate in D4. We will show in the following that 



D4 



<N-'5^-\\f\\yo,-. \\Iu\\x,y 



6 ll-IIX- ■ 



In fact, it suffices to show 

L wt) ■ ^Mi^) ■ ^K^-^^' =5 "^"-'^ 

The left hand side is controlled by 

N'-' [ ier+'i6n6i-^75(e,T)5(ei,Ti)M6,T2). 

We divide D4 into two subregions again: 

D41 = {(ei,6,Ti,T2) e D, : 1^2 + ^-2^2! « m-, 

D,2 = {(ei,6,ri,r2) eD,:\e + ^-2^2\> 1^1'}- 
Estimate in D41. Note that |^2| ~ ^^'^ |3C^ ~ C2I ~ ICP -^41 > then by Lemma 



2.3, we have 



J Dai J Dai 



ID41 JD41 

note that s > in the second step. Since N^~'^^~^'^~^6^~ < N~^5'^, we obtain the claim. 
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Estimate in D42. By ( 13. 3p . we can split D42 again into tliree parts, as above, we only 
consider (a): |r — > First we have (since |^| < 2|^i|), 

/ <N-' [ |e|A(e, r) ^(^1, n) r,). (4.5) 

J Dao J Dao 



Further, 



< N-'6'^\\f\\y,^,_J\g\\x,J\h\\^- 

' ■ 0,6 



by the same way used in / in the last step. □ 
4.2 Some Variant Local Well-posedness 

Now we turn to obtain a variant local well-posedness result. Compared with the standard 
local well-posedness result Theorem 1.1, it is established in order to fit the /-method. 
It eives the estimates on the lifetime and the solutions under the 1 , -norm, with the 
operator Jjv s- Indeed, along the lines of ^Jj and the estimates from Lemma 3.1-lemma 
3.4, we have the following result as an adaptation of Theorem 1.1 (see [TU], [22] cf.). 

Corollary 4.7 Let s > 0,1 = In,s, then the solutions obtained in Theorem 1.1 for the 
initial data {uo,vo) G H''{M.) x H^{M.) exist on [—60,60] with 

(5o ~ (II/moII^/i + ||/t;o||//i)~''; + ll^^lly^o < ll^^l^i + ll^^^oll/fi, 

for some /i > 0. 

But we have no intention of exploiting it as our basic of the iteration to establish the 
global well-posedness results. In order to extend the lifetime, we shall reconstruction it 
and ultimately establish the refined local result as follows. 

Proposition 4.8 Let s > 0,1 = I^^s, then the solutions obtained in Corollary 4.7 exists 
on [—6, 6] with 

6^{\\Iuo\\m + \\Ivo\\m)-'-, (4.6) 
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when N ^ Nq for some large number Nq such that 

'yN^'^i\\lNo,sUo\\m + ||^iVo,s^o||f/i) ~ 1- (4.7) 
Moreover, the solutions satisfy 

\\Iu\\xs +\\Iv\\ys < ||/mo||//i + ||/t;olki- (4.8) 

In the following text, we may assume that ||'u(t)||L2 ~ 1 by fixing uq and the L^- 
mass conservation: ||M(t)||L2 = ||mo||l2. Further, by local result in Corollary 4.7 and the 
iteration, one can conclude the existence of solutions on [—6, 6] in Proposition 4.8 by the 
estimate in fl4.8p . which implies a priori estimate of the solutions in i7*(M) x H'^(R). 
Therefore, to prove Proposition 4.8, we may assume at the beginning that the solutions 
exist on the time interval [—6, 6] with the 6 defined in (14. 6p . and turn to prove (14.81) . 

Lemma 4.9 Let s > 0, assume that [u, v) are the solutions of (QHP on [—6, 6] for small 
6 > with the initial data (mc^o) ^ H'^{M.) x if'*(M), then if it satisfies that 

aS^- ■ \\v\\lr ^ < eo (4.9) 

0,2 + 

for some small eo, we have 

^ II^oIIl2- (4.10) 

0,^ + 

Proof. Define the operator 
^{u){x,t) =^{t)S{t)uo-i^{t) [ S{t-t')^{t'/S)[a{uv){t')+P{\u\\){t')] dt'. (4.11) 







Taking ^ on the two sides of (14.111) . and by Lemma 2.4, Lemma 3.1, Lemma 4.3 

U, 2 + 

(when s = 0), we have 

ll*(«)llx^ ^ \\uo\\l^ + a\\'^{t/6)ud\\x,^ + (3 \\ilj{t/6) \u\^u\\ 

fill u, — Tj-h II "^n_l^ 



, 13 



^ ||^^o||l2 + a^i*^ ll'^llx'^ ll^lly^ + /552 \\u 



|3 



X" W^WY" Tf-^u-^ \\"'\\x^ 
0.1+ 0.1+ n 1 



0,^ + 



where HwH^i^ = llwUxoi,) W'^Wv^f = ll'^llvo,c- Thus, by (14.91) . we have 



. 1 



|$(m)||x* <c\\uo\\L^+C{eo\\u\\xs^ +[36^^ \\u\\%s (4.12) 
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for some large constants c, C > 0. Let the ball B E i be defined as 



B = < u e X^i : \\u\\x6 < 2c||mo||l2 > 



then by (14. 121) . we have $ maps B into itself. We also have the contraction of $ by a 
similar way. Thus we complete the proof of the lemma by the fixed point theory. □ 
Proof of Proposition 4-8- By Duhamel's formula and acting the operator / = In,sj we 
have, for t G [—g,g], 



Iu{x,t) = ^{t)S{t)Iuo-i^{t) I S{t-t')ij{t' /Q)[al{uv){t')+ pi{\u\^u){t')\ dt\ 







^dJ{\u\'){t')-Uj{v'){t') 



Iv{x,t) = ij{t)W{t)Ivo + ij{t) / W{t-t')ij{t'/g) 

Jo 

Therefore, by Lemma 2.4, CoroUarys 4.2, 4.4 and Lemmas 4.5, 4.6, we have 



dt'. 



Mx\ < \\Iuo\\m+a\\ij{t/0)I{uv)\\x ^ + p\\ij{t/ 0)I{\u\%) 

13 



1^ 



+ {N'^Q" + Q^~)\\Mx^ ) +Cg-^- Wlvfy, (4.14) 



^-1 



+C(3g^- \\Iu\\x<^ \\u\\j.B ; (4.13) 

o,i + 

\My\ < \\Ivo\\m+i\\^{t/g)dj{\u\^)\\y + \\^{t/ g)dj 
< c\\Ivo\\hi + Cjlg" \\Iu\\xB \\u\\xB 

for some constants c,C > 0. Let 6 be the quantity satisfying 

a6^^~R{N) < eo; \\uo\\l2 < eo; 

(4.15) 

7^'^ IImoIIl^ < eo; R{N) < eo; jS^-RiN) < eo; S'^-RiN) < eo 

for some small eo and R{N) = ||/no||//i + ||/fo||_ffi- We claim that for any g G [0,5], 

\\Iu\\x<> +11/^^11^^ <2cR{N). (4.16) 

Indeed, it can be shown by the iteration which we present as follows. We only consider 
the positive time, since it is similar to the negative time. First, by Corollary 4.7, we have 

||/m||^4o + ll^^lly^o < 2cR{N), 
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then by Lemma 2.4 (i), we obtain 

Ri{N) = \\Iu{6o)\\m + \\HSo)\\m < 2ccR{N) 

for some constant c > 0. Now we take (m(5o), '^^('^o)) for the new initial data, and employ 
Corollary 4.7 again, then we obtain that for some 6i ~ 6q, 

\\Iu\\x^'o.s,] + ||/^^||^[^o>^ii < ^cRiiN) < Ac^cR{N). 

Since ||/||;^[o^*ii(^) < ll/llx'«^^oi(^) + \\f\\x^Y^\^) Lemma 6.2, we get 

+ll^^lly*i <2c{l + 2cc)R{N). (4.17) 

By (14.150 and (I4.17p . we have (14.91) . and thus we obtain (I4.10p by Lemma 4.9. Therefore, 
inserting flCT]]) and fHTTj) into fliTTSl) and we have exactly 

\\Iu\\^H + \\Iv\\y'^ < 2cR{N). 

The process above can always be repeated under (14.151) . and ultimately we prove the claim 
(I4.16P and obtain the proposition. □ 

4.3 The Global Well-posedness 

In this section, we establish the global result by combining Proposition 4.8 and the results 
in [22]. We only consider the positive time in the following. Compared to the precess in 
Section 6 in [22], it just needs to modify the estimate on the lifetime. Define 

Mj{t) = \\Iu\\l2; 

Lj(t) = a||/f|||2 + 27 Jlm{Iu lUx) dx; 

Eiit) = a7y"/i;|/n|2da; + 7||/M.||i2 + |||/t;.||i2-^||/t;||i3 + ^||/t;||t4, 

then by the Sobolev interpolation inequalities, we have (see [22] for the details) 

ll^wll^i + WMm < \Ei\ + \Li\'^ + \Mif + 1. (4.18) 

Moreover, we have the following estimates, which are proved in 
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Lemma 4.10 Let I = In,s, s > -, (m, f) is the solution of U.lfl . then 

\E,{S) - E,(0)\ < (jV-i+i4- + iVi+) (ll/ulli, ,^ + ll^flly, + N-'* ' 

Lemma 4.11 Let /, s, ("Ujf) be the same with Lemma 4.10, then 

\Li{S) - L,(0)| < iV-2+5l- ('||/«||3 + ||j^||3 A + iV-3+||J«||^ 

Further, we have the trivial estimate of Mj{t) that 

M/(t)<||n(t)|U. ~1, 

which follows from the L^-mass conservation and m(^) < 1. 

Fix the large number N, s > -. By Proposition 4.8, the solution {u,v) of the system 
(11. ip exists on [0,5], with 

by fll.4p . We repeat this local existence results by iteration. In order to ensure the same 
length of the lifespan, we need to get the uniform control of if^-norm of the solution at 
t = k6 for k = 1,2, ■ ■ - , which follows from the uniform control of \Ej\ and \Lj\. More 
precisely, we shall obtain that 

1^7(^)1 < cAr2(i-«); \Li{k6)\ < (4.19) 

which imply by lKTE\i that \\Iu{k5)\\]^^ + \\Iv{k5)\\]^^ < cA^2(i-s) ^^le constants c, c 
independent of k, N. We note that the condition (14. 7p is valid in every step. By Lemmas 
4.10, 4.11, and the estimate of (14.81) in each step, we have 

\Ei{k5) - EiiO)\ < ~ck ((^N~^+5'2' + iV-i + ) Ar3(l--) ^ ^-2+^i{l-s) ^ ^-3+jy6(l-.) j . 

\Li{k5) - L7(0)| < ck (iV-2+55-Ar3(i--) + Ar-3+Ar<i-^)) 
for the constant c independent of fc, N . 
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Set T = kS, for fl4.19p . we only need to show 

((iV-i+(5^- + iV-i+) iV3(i-^) + iV-2+iv4(i-«) + iV-3+^6(i-s) j < ^2(1-.). (4^20) 
(^iV-2+5i-Ar3(i-^) + Ar-3+iV^(i-^) j < iVi-^ (4.21) 

In order to T ~ iV°+, and note that 6 ~ iV-2(i-s)-^ flCTl) is fulfilled if 
which is valid if 

7 

-1 - (1 - s) + 3(1 - s) < 0; -- + 3(1 - s) < 0; -2 + 4(1 - s) < 0; -3 + 6(1 - s) < 0, 

which hold when s > -. Similarly, (14.211) is fulfilled if 

2 

It is valid if 

-2 - (1 - s) + 3(1 - s) < s - 1; -3 + 4(1 - s) < s - 1, 
2 

they hold when s > -. Therefore, we prove the global well-posedness in if*(M) x H^{M.) 
1 5 

when -5 > 2 ^'^'^ thus finish the proof of Theorem 1.3. 

5 The Proof of Theorem 1.2 

Suppose for the contradiction that the system (11. ip is locally well-posed on [0, 6] for 6 G 
(0, 1), and the solution map [uq, Vq) ^ {u, v) is from H'{R)xH\R) to C^{[0, 6]]H'{R) x 
H\W)). Then, by the Picard iterative scheme, so is the operator A = {Ai, A2) : H^{M.) x 
H\R) C°([0,5];if"(M) x H\R)) defined as 

Ai{uo,vo) = -I I 5(t-t') [a(5(t')wo-W^(t')^o)+/5(|5(t')no|'5(t')Mo)] cit'; 







^2(^0, ^^o) 



f W{t - 1') 
Jo 



dt'. 



In particular, A2 is C^-differentiable from H'{R) x H\R) to C^{[0,S]; H\R)). 
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Fix a large number ^ 1 such that (A^ )^ = 2k'7i for some k eN, and let the sets 

2 



T = 
Ti = 
T2 = 

A = 

for some n eN. Note that 



(e + ^)-iV 



< 



1 ] 



i2^ + \)-N' 



1 



2 3 



< 



1 



lOOA^ 



£ e M : If - 11 < 

S IS I — jy„ 



{(6,6) G : e = 6 + e T,6 G T2} c {(6,6) g : ^ = + ^^,6 e Ti} 



(5.1) 



Put the initial data (uq, fo) such that 

^^0(0 = eoiV-'^+^XT,(0; MO = eoN^AiO, 

then ||%||_f/s, ||fo||_f/i ~ Co- We may set 5 = 1 by choosing eo small enough. 
Further, ||v42||c70([o,i];Hs) is equal to 



sup 

0<t<l 



sup 

0<t<l 



^d,i\Sit')uo\') - -d,{W{t')vo) 



f W{t - 1') 
Jo 

jjexp {z{t - t')e} [lexp {-tt'i^ - 6)'} exp {zt'6'} ' 6)«o(6) 



-- exp {tt'i^ - 6)'} exp [it'Cl] vo{^ - 6)^^0(6)] d^2dt' 
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m'jjexp {ze} exp {-it'^ie + e - 26)} ^o(e - 6)^0(6) c?6c^t' 

- exp [te] exp {-3zt'e(e - 6)6} - 6)^0(6) ^^6^^^' 

The first term of (15.21) has a lower bound of 

7A^'+^ jj exp {ze} exp {-zt'ae + ^ -'2^2)} ^2)^2) d^2dt' 



(5.2) 



(5.3) 



L|(T) 



When e e T, set e = iV - 1 + p(e, AT), then |p| < Therefore, 



<2iV^.b|<l. 
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Besides, when ^ G T,^2 ^ ^"2, we have 

Note that (A^ — -)^ = 2^7?, therefore, for any < t' < 1, we have. 

Re (exp {te} exp{-tt'ae + ^ - 26)}) > ^- (5-4) 
Thus, by (15.11) and (15 .4^ . we obtain 

where m(-) is the Lebesgue measure. 

Second term of (15.21) . by the support of vq, have a bound of 



i|{{|5-2|<^}) 



Therefore, by choosing n large enough, we have 

P2K,t^o)||cO([o,ii;H=) >7eo^'-'^ (5.5) 
Since A2 is C^-differentiable, we must have 

p2(Mo,^^o)||cO([0,l];//=) ^ \\uo\\hs + \\Vo\\%, 

but it fails to hold when / > 4s by (15. 5p . This completes the proof of Theorem 1.2. 
Remark. More facts related to the condition / < 4s may be interesting to the readers. As 
we see, the condition appears in the bilinear estimate in Lemma 3.4, which is necessary in 
the framework of Bourgain method. But on the other hand, it is optimal. More precisely, 
if / > 4s, then for any bi, 62, &3 G IR, the estimates 

\\dco{uiu^)\\Y,^^^ < ||mi|U,,,, ||m2||x,,,3 
fail to hold. The proof is based on the counterexample of Ui, U2 such that 

t) = xxi ■ X{\T-e\<ioo}{^, r); ^2(6 r) = ■ X{\T-e\<w}(^^ ^)' 
and specially take the integration in the left hand side over 

{{^,r):^eT,\r-e\<lO} 
in the spacetime-frequency space. The detailed computation is omitted here. 
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6 Appendix: Some Auxiliary Lemmas 

As some handy tools, we give some properties and estimates on the restricted spaces 
Xs^b{4') in the following. 

Lemma 6.1 For the time interval Q and the function f G there exists an exten- 

sion f G Xs^b{(j)) such that f = f on fl and 



f 



Moreover, it holds that for any s' < s, 



\lN,sf\\x^^ 



/ 



(6.1) 



Proof. Fix the function / G X^^(</)), and set 



then 



inf tU)- Since Xg^h is a Hilbert space and Mg^b is a closed convex 



subset of Xg^b, there exists a minimum / in Mg^b- Move precisely, note that 

Mg^b = Mg^b + {F} = {g + F:ge M,,^} 

o 

for any F G where Mg^b is the closed linear subspace of Xg^b defined as 

Mg^b = {9^ Xg^b{4>) ■■ 9\n = 0}, 

therefore, / is exactly the function that 

f±Mg,b in 

Therefore, for (16.11) . we only need to show that 

I^J^Mi^b in Xi,t,(0); AM,.,fe in X,,,fe(0) 

for s' < s, but it is obvious. □ 
Now we show that the spaces Xs^b{4>) have the property of the norm-subadditivity 
about the restricted domain. 
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Lemma 6.2 For every f e it holds for any C that 



Proof. By Lemma 6.1, there exists a function / e such that / = / on O and 



/ 



Define the operator Pb and its inverse operator P. ^ as 



We claim that 



/ 

for any j{t) e C^{R), such that 



jit) = 1 on DD 



Indeed, by the proof of Lemma 6.1, one only needs to show that 
(a/ • j) e M,,,; P-^ (n/ • j) in 
The first term is easy to check and we omit the details. On the other hand, for any 

o 

g e Mg^h-i we have 



{^'{t + 0(0)''=^ [P^' [PJ ■ J)) (e, r) ■ ^giC, T)didT 



= / {i?'^ [Pbf){tr) ■ ^{gj{-m,r)d^dr 
= 0, 

o _ o 

since gj{—-) G M^^fe, and f A-Ms,b in ^s,6(0), where (■, ■) is the inner product in Xs^i,{4')- 
Therefore, we have the claim. 



33 



Furthermore, we keep in mind that 



n ' [Pbf-j 



ten 



ten 



te(suppjY 



0. 



For the simphcity, we only prove the special result that 



for < 60 < 6, which follows from 



(6.2) 



< liminf 



.[0,<S]/Ee 



< 



where = {60 - 4e, 60 + 4e). 

We first show the second inequality of (16.31) . Indeed, for /i, /2 such that 



/i 



f2 



Xa,b[<t>) 



and the function jiit),j2(t) such that 



(6.3) 



suppji C (-2e, 60 + 2e), ji(t) = 1 on (-e, 60 + e); 
suppja C {5o -2e,5 + 2e), ji(t) = 1 on {5o - e, 5 + e), 
we have for any small e > 0, 



\ / te o.s] 



tem/E, ' l<e[o,5]/i?/ 



Therefore, 



n"' (A/i-ji + n/2-j2) 



smce 



Now we turn to the first term of (16.31) . We choose the function j{t) such that 



suppj C (-2e, 6 + 2e), ji(t) = 1 on (-e, 5 + e). 



then for /, such that 



f 



Xs.bi<t>) 



we have 



PP{Pbf-J 



P.HPbh-j 
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Moreover, by fl6.2p we have, 



m <t E 



Hi 



>e\<e 



for any e > 0, where m is the Lebesgue measure, which imphes that 



[Ptfe-j) it) 

Thus by Fatou's lemma, we have 

(Pbf-j 



Hi 



m measure. 



Hi 



< hminf 



ppiPbh-] 



and thus complete the proof of the lemma. 

Remark. By the similar argument as above, we can prove that y{5) 
continuous for every fixed function /. 

Lemma 6.3 Let 6 € (0, 1), 6, h' G [0, ^) with b' > b, then 



Proof. Let / be the extension of / G ^,,(0) such that / = / on [—6, 6] and 



□ 

is left 



/ 



. By Lemma 2.4 (iv) 



< 



^s,b{<t>) 

This completes the proof of the lemma. 



/ 



□ 
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